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I. Introduction 

I. A. One of the characteristic featnres of chaos in classical dynamics is the positivity of the 
Kolmogorov-Sinai (KS) entropy. The KS entropy is a natnral measnre of mixing in phase 
space resnlting from the time evolntion of a dynamical system. Indeed, one can adopt the 
positivity of the KS entropy as a convenient way of dehning chaos in a classical dynamical 
system. Throngh Pesin’s theorem, this is related to another characteristic featnre of chaotic 
evolntion, namely the positivity of Lyapnnov exponents. 

The focns of the emerging held of “qnantnm chaology” [B2], [HT], [N], [V2], is the 
stndy of qnantnm dynamics arising from qnantization of classically chaotic systems. Mnch 
emphasis has been pnt on nnderstanding the semiclassical approximation to the actnal 
qnantnm dynamics, and it is, in fact, a somewhat controversial issue whether “quantum 
chaos” exists beyond this approximation. 

In this paper we propose that a natural quantity to exhibit quantum chaos in a class of 
quantized dynamics is the positivity of the Connes-Stprmer (CS) entropy. The CS entropy 
is dehned in the context of von Neumann algebras, and is a natural extension of the KS 
entropy to the non-commutative context. We focus our attention on examples of quantized 
dynamics on a torus, namely the dynamics of quantized cat maps and the dynamics of 
quantized baker’s maps, and show that in each case the CS entropy is positive and, in fact, 
equal to the classical value. 


I.B. We begin by recalling the dehnition of the (classical) KS entropy. Let M be the phase 
space on which a probability measure z/ and //-preserving automorphism (p : M ^ M are 
dehned. The latter means that (p is a measurable bijective function such that for all 
measurable sets (9, u{(p{0)) = i^{0). Let A = {Aj}, 1 < j <, be a hnite partition of M 
into measurable and pairwise disjoint (up to measure zero) subsets. The entropy of this 
partition is dehned by 

j 


where the function rj is given by 


'qit) — —tlogt, 0 <t <1. 


( 1 . 2 ) 


Clearly, H is invariant under (p. 


HipiA)) = HiA), (1.3) 

where p{A) = {(p(Ai),..., p{An)}. Now, given two such partitions, A and i3, we form a 
hner partition AV B hj taking the intersections of the elements of A with the elements of 
B. The entropy is subadditive with respect to the operation V, 


H{AyB) < H{A) + H{B). 


(1.4) 
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This and (1.3) imply that the limit 

H{A, (p) = lim -H{A V ^{A) V ... V ^"~\A)) (1.5) 

n^oo Ti 

exists. The KS entropy of (p is dehned as the snpremnm of H(A, ip) over all possible choices 
of the hnite partition A, 

hKs{^) ^snpH{A,(p). (1.6) 

A 

This dehnition does not lend itself to explicit compntations. However, the fnndamental 
theorem of Kolmogorov and Sinai [CFS] states that, in fact, kxsiv) can be compnted 
from a single partition, provided that it is snfEciently generic. More precisely, kxsiv) = 
H{A^ (p), if A is a partition snch that the sets (p^(Aj), j = 1,..., n , /c G Z, generate the 
a-algebra of measnrable sets on M. 

We will explain in Section V how Connes and Stprmer generalized the theory ontlined 
above to the non-commntative case. 

I.C. For later convenience we now briefly review the dehnitions of the classical cat map 
and baker’s map. For a more complete presentation and a variety of resnlts we refer the 
reader to [A], [AW], and [CFS]. 

We consider an element 7 G S'L(2, Z), 

with |tr( 7 )| > 2. Snch a matrix has two eigenvalnes with piH 2 = 1- We label 

them so that \pi\ > 1, and \p 2 \ < 1- The action of 7 on the plane is given as nsnal by 
{xi,X 2 ) ( 2 / 1 , 2 / 2 ) with 

yi = axi + bx 2 , 

( 1 . 8 ) 

1/2 — CXi + dX2- 

For later reference, we rewrite (1.8) in terms of the complex variable z = {xi 1 x 2 )/\/^ as 
z ^ w, with 

w — az (3z, (1.9) 

where the complex parameters a and /? are given by 

a = (a + d + i(b — c))/ 2 , 

(I.IO) 

I3 = {a — d + i{b + c))/ 2 , 

and satisfy |ap — |/?p = 1. The transformation (1.8) is area preserving. Since the coef- 
hcients in ( 1 . 8 ) are integer, 7 also dehnes an area preserving antomorphism of the torns 
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which we will denote by the same symbol 7 . The gronp { 7 "'}nez of antomor- 
phisms of is called the cat dynamics (in fact, this is an example of Anosov dynamics). 

The dehnitions above are of conrse meaningfnl withont assnming that |tr( 7 )| > 2. 
The resnlting dynamical systems are non-chaotic, and, as snch, less relevant to the snbject 
of this paper. 

It tnrns ont that for the cat dynamics. 


hKs{l) = log l/Uil, 


(I.ll) 


where ni is the eigenvalne of 7 whose absolnte valne is larger than 1 . A beantifnl proof of 
this resnlt in the context of symbolic dynamics is presented in [AW]. If |tr( 7 )| < 2 , then 
hKsil) = 0 , showing that the corresponding dynamics is indeed non-chaotic. 

The baker’s map B takes a point (xi,X 2 ) of to a point (x[,X 2 ) of 

given by 


f 2x1, if 0 < xi < 1/2; 

\ 2 x 1 - 1 , ifl/2<xi<l, 

f X2/2, if 0 < Xi < 1/2; 

\ (X2 + l)/2, if 1/2 < xi < 1. 


( 1 . 12 ) 


The transformation B is measnre preserving. In order to prepare gronnd for the qnantiza- 
tion of B, we hrst rewrite (1.12) in terms of generators of the algebra L°°(T^) of essentially 
bonnded fnnctions on T^. We set g{xi,X 2 ) — h(xi,X 2 ) = Then the trans¬ 

formation ( 1 . 12 ) of is eqnivalent to the following antomorphism of the algebra L“(T^) 
(which, for simplicity, is denoted by the same symbol B): 


Big)=g^ 

B(K) = V/j(2x[o,i/2)(ii) - 1). 


(1.13) 


where the sqnare root ^/h is dehned by \/h{xi,X 2 ) — , and where X[o,i/ 2 ) is the 

indicator fnnction of the interval [ 0 , 1 / 2 ). 

For the baker’s map, 

hKs{B) = \og2. (1.14) 


I.D. One of the central concepts of this paper is that of qnantization of a dynamical 
system. Withont getting involved with technicalities we wonld like to emphasize several 
points which will explain the particnlar conceptnal framework which we chose to work 
with. 

Qnantization of a dynamical system has two components: kinematic and dynamic. 
The kinematic component of qnantization involves the constrnction of a snitable qnan- 
tized phase space of the system. This qnantized phase space is given in terms of a non- 
commntative algebra 21^ of observables. In the langnage of non-commntative geometry. 


4 



QUANTIZED CHAOTIC DYNAMICS 


21^1 is an algebra of functions on the quantized phase space. Very much like in the classical 
situation, where (depending on the problem) one might be interested in the study of the 
algebra of continuous functions, smooth functions, compactly supported smooth functions, 
measurable functions, etc., specihc choices of the composition of %fi can be made. This 
may result in imposing the structure of a C*-algebra, a von Neumann algebra or some 
suitably dehned locally convex algebra, on the algebra of observables. 

The dynamic component of quantization consists in dehning a time evolution on the 
quantized phase space. A natural way of doing this is to End a suitable one parameter group 
of automorphisms of 2t;i, where the parameter (discrete or continuous) has the meaning 
of time. Recall that an automorphism of an algebra 21 is a linear one-to-one map $ of 21 
onto itself such that $(a6) = $(a)$(6), for all a, 6 G 21. If 21 is an algebra with involution, 
it is also required that $(a*) = $(a)*. 

The “suitability” of the choices made, namely that of the algebra 21^ and of the time 
evolution, is settled by the correspondence principle. This amounts to showing that limits 
of the quantized objects, as h —> 0, yield the corresponding classical objects. Quantization 
is a highly non-unique procedure, and the correspondence principle is the only physical 
principle allowing one to decide whether a particular procedure is correct. To our taste, 
the most satisfying mathematical framework for quantization is that of “strict deformation 
quantization” proposed in [Rl]. 

I.E. Quantization of the cat dynamics on the torus has been discussed before by a number 
of authors. The original reference is [HB], where a scheme is proposed using a group of 
unitary matrices on a hnite dimensional Hilbert space. The generator of this group was 
determined from (i) the observation that the generating function of (1.8) is quadratic, and 
(a) the assumption that, in the quadratic case, the semiclassical expressions are exact. 
This quantized dynamics was further studied in [Kl,2], [MO], [DGI], [BD], and [D], where 
a variety of beautiful number theoretic results were derived. 

A similar quantization scheme for baker’s dynamics was hrst proposed in [BV], and 
further refined and studied e.g. in [CTH], [SV], [S], and [BDGj. These references are 
concerned with questions of quantum chaology. The intrinsic simplicity of the baker’s 
dynamics has been very useful in studying these questions. 

Our approach is slightly different, even though equivalent in the sense specihed at 
the end of previous subsection. It is based on an inhnite dimensional Hilbert space. The 
inhnite dimensionality of the Hilbert space is due to the occurrence of 0-vacua (to use 
the language of quantum gauge held theory), which in turn is a consequence of the fact 
that the phase space of the system, namely the torus, is not simply connected. We study 
a non-abelian algebra, known as the algebra of functions on a quantized torus [R2], and 
identify a suitable group of automorphisms of this algebra as the quantized dynamics. 
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I.F. The paper is organized as follows. In Section II, we define the qnantized linear 
dynamics on the plane. This will be the starting point for the constrnction of qnantized 
cat dynamics. In Section III, we review the constrnction of the qnantized torns, and show 
that the cat dynamics on the torns dehnes a gronp of antomorphisms of the qnantized 
torns. This gronp is the qnantized cat dynamics on the torns. A constrnction of qnantized 
baker’s dynamics is described in Section IV. Section V has largely a review character. We 
explain the properties and constrnction of the CS entropy, and establish a technical lemma. 
Using this lemma, we compnte, in Section VI, the CS entropy of the qnantized dynamics 
on the torns. 


II. Quantized linear dynamics on the plane 

II.A. Of the many representations of qnantnm mechanics we choose the Bargmann rep¬ 
resentation (see e.g. [F]), as in this representation wave fnnctions are dehned on the 
phase space of the system. It can also be generalized to phase spaces other than flat 
spaces [Bl], which shonld be important for fntnre extensions of the resnlts of this paper. 
In the Bargmann representation, the Hilbert space of states (C, consists of en¬ 
tire fnnctions on C which are sqnare integrable with respect to the probability measnre 
dnfi{z) = {7rh)~^ exp{ — \z\‘^ /h}(Pz. This Hilbert space has two remarkable properties: (z) 
it has a reprodncing kernel, namely the fnnction exp{Wz/h} G satishes the 

eqnation 

/ exp{wz/h}(j){w)diJ,fi{w) — (t){z), (II-l) 

Jc 

for all (f) G 7-f^(C, dfxn), and (n) it carries a nnitary projective representation of the gronp 
of translations of C given by 


U{0(p{z) =exp{^{Cz-\C\‘^/2)}(f){z-C), (eC. (H.2) 

For fntnre reference, we note that 

= + (n.3) 

The algebra of observables (or fnnctions on the qnantized plane) can be dehned as an 
algebra generated by Toeplitz operators. A Toeplitz operator 2A(/) with symbol / (where 
/ is a measnrable fnnction on C) is dehned by 

Tnimz) = [ e^^/^f{w)<P{w)dfin{w). (H.4) 

Jc 
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Various restrictions on the class of symbols / may be imposed, leading to various algebras 
of operators on Since the quantized plane is not the main concern of this 

paper, we ignore this issue, and refer the interested reader to e.g. [BC1,2] for precise 
statements. See also [Z] for a related but more geometric approach. For our needs, it is 
only important that all bounded continuous functions are included in the class of symbols. 

The Toeplitz operator with the symbol f{z) = z is denoted by AQ and the Toeplitz 
operator with f{z) ~z is denoted by A. These are the creation and annihilation operators 
obeying the usual commutation relation 

[A, A^] = h. (II.5) 

In fact, the quantization map / —can be regarded as the anti-Wick ordering 
prescription, i.e., in the quantized expressions, all the annihilation operators are placed to 
the left of the creation operators. 


II.B. To a 7 as dehned in the Introduction we assign the following Bogolubov transforma¬ 
tion (At, A) ^ (Bt,B), 


Bt = aAt + /3A, 
B = aA + ^AK 


(II.6) 


We will now show that this transformation is unitarily implementable, i.e. = FA"^F~^ 
and determine such a unitary F explicitly. 

First, we note that the ground state uj^{z) for B satishes the differential equation: 


hau!y{z) -|- [3zu^{z) = 0, 


(II.7) 


and so _ 

= |a|“^/2exp{ - (II.8) 

where the normalizing constant has been chosen so that = 1. We require that F 

maps the function identically equal 1 (the ground state for A) to Then, using the 
Hausdorff-Baker-Campbell formula (see e.g. [F]), 

F exp{wz/h} = F ex-plwA^/h}F~^ujj{z) 

= exp{MJ(aA^ -1- (3A)/h}u)~f{z) 

= expKuJa^ -|- j2) jh} exp{W(3-^}u^{z) 

(JjZ 

= eyzp{{waz -|- j2)1 K\uj~^{z -|- w(3) 

= exp{(MJ^ -|- /5 mJ^/2 — (3z^I2)lha}. 


7 



S. KLIMEK and A. LESNIEWSKI 


Using the fact that exp{wz/h} is the reprodncing kernel for the measnre we thns hnd 
that the action of F on (/> G dfin) is given by 

F^[z) = |ar'/^exp{- + (ug, 

= Tn{u^)S^-iTn{u^-i)*(j){z), 

where Sj is dehned by S-y(j){z) = It is straightforward to verify that the 

inverse of F is given by 

F-'Hz) = |a|-‘/^exp{^}|^exp{|| - !^}^(u,)d^,(u,) 

= Tn{uJ^-i)S^Tn{uJ^y<l>{z), 

and that F is nnitary. Let ns s um marize the calcnlations above in the following theorem. 


Theorem II. 1. There exists a unique unitary operator F satisfying FF ^ = B\ and 
FI = This operator and its inverse are given by equations (IT 9) and (11.10). 

The gronp of nnitary operators on 7-f^(C, dpin) is called the evolntion gronp 

for the linear dynamics on the plane. The corresponding gronp of antomorphisms of the 
algebra of observables is generated by a — FaF~^. 


II.C. There is a simple relation between F and the nnitary operators U{C0 dehned in 

( 11 . 2 ). 

Theorem II. 2. The conjugation ofU{() by F is equal to 

FU(OF-^ = U(a(-K). (II.ll) 


Proof. The proof is a straightforward compntation. Using (II.9) and (II. 10) we hnd that 


FU{C)F V(^) = |a| ^exp{ - ^(|CP + /32V«-/5CV«)} 


X 


I3w^ zw {aC-PC + v)w vf , 

exp I - (—-h H-^-^-h ) I 

^ ^ a a a 2a 


2a 2a 

X (i){v)dnn{w)dnn{v). 

Evalnating the rc-integral and nsing |ap — |/9p = 1 yields 


f f/(C)f’-y(x) = exp {( 2 (aC - K) - |aC - /3C|V2)/ft} 
X [ exp {(z — +/3‘^)v/h'jd>(v)dfzii(v), 


'c 



QUANTIZED CHAOTIC DYNAMICS 


which by means of (ITl) is equal to 


exp {z{aC - (3Q/h - |aC - K?- (aC - /3C)) = 17(7 
as claimed. □ 


III. Quantized cat dynamics on the torus 

III.A. Having dehned the quantized linear dynamics on the plane we now proceed to 
constructing the quantized cat dynamics on the torus. As explained e.g. in [KL], one 
can regard the quantized torus as a suitably dehned quotient of the quantized plane by 
the group Namely, we dehne the algebra of observables on the quantized torus to be 
the algebra of all Toeplitz operators with continuous Z^-invariant symbols. Such symbols 
can be written as Fourier series, and so the algebra of observables is generated by T;i(/i) 
and Tfi{f 2 ), where fk{xi,X 2 ) = exp{27rfa:jt}. However, writing ixi — i{z + z)/v/2, ix 2 = 
(z-z)/V2, we verify easily that 

T(/2) = ^U{7ihV2). 


It is thus natural to set 

U = U{-ihnV2), 
V = U(n7rV2), 


(HI.2) 


and regard the operators U and V as generators of the algebra of functions on the quantized 
torus. Commutation relation (H.3) implies that they obey the following set of relations: 


uu* = u*u = /, 

uu* = U*U = /, (IIL3) 

UV = e^^VU, 


where for convenience we set A = 4n‘^h. The algebra generated by U and V with the 
relations above has been studied extensively by both physicists and mathematicians, and 
we refer the reader to [R2] for an overview and extensive list of references. In particular, it 
has been established that “smooth elements” in this algebra obey a strong version of the 
correspondence principle [Rl]. 
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III.B. For our purposes, we consider the von Neumann algebra generated by U and 
V. Recall [D2] that an algebra of bounded operators 9^ on a Hilbert space H is called a 
von Neumann algebra, if {i) it is closed under taking the hermitian conjugate, and (ii) it 
is equal to its bicommutant, IR = IR". Here IR" = (fR')', where the commutant S' of a set 
of operators iS on Ti is dehned as the set of all bounded operators on H which commute 
with all the elements of S. The von Neumann algebra generated by a set S is dehned as 
the smallest von Neumann algebra containing S. If S is closed under taking the hermitian 
adjoint, this turns out to be S". In other words, 21^ = {U,U*,V,V*}". In fact, is 
isomorphic to the universal enveloping von Neumann algebra generated by U and V which 
obey the relations (HL3). This means, in particular, that (HL3) are the only relations 
between U and V. One can think of the elements of 21^ as bounded (but not necessarily 
continuous) functions on the quantized torus. 

The von Neumann algebra 21^ is hyperhnite (i.e. it is a closure of an increasing 
subsequence of hnite dimensional subalgebras) and can be equipped with a hnite faithful 
trace. We will not reproduce here the precise dehnitions (see e.g. [D2]). One should just 
keep in mind a typical example, that of an algebra L°°(M) of essentially bounded functions 
on a compact space M with a Borel probability measure du. Such a trace is then given by 

r(/) = [ fdu. (HI.4) 

J M 

On the algebra 21^, a faithful normal trace is determined by 

= aoo. (111.5) 

j,k 


III.C. Let us now derive the transformation rules for U and V under conjugation by the 
operator F. Using Theorem H.2 and (H.3) we obtain 

FUF-^ = U{-ihnV2{a + /?)) 

= U{—ih'n'{a + ib) V2) 

- e-^^^^'^^U{-ih%V2a)U{hTTV2b) 

_ ^—iXabj2jja-y/-b 


and likewise 


FVF~^ — 


These expressions dehne an automorphism T/i of 21^. We call the group of auto¬ 

morphisms generated by T^ the quantized cat dynamics on the torus. 
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Theorem III.l. The transformation 

TniU) = 

r;,(U) = (,-i^cdl2jjcyd_ 


(IIL 6 ) 


defines an automorphism of^n.- The trace rn. is invariant underTf^, i.e. Tti{Tn,{a)) = rnia). 

Proof. We need to show that Tn,{U) and r;i(U) form a new set of generators. Using (IIL3) 
we compnte: 

= ^i^ahl2y-by-a ^ (e“tAa6/2U“U^)= Th{U)-^. 

Likewise, rft(U)* = rft(U)“^. Fnrthermore, 

rniU)rniV) - (,-^Ko^h-,cd)i2uavhucvd 

_ ^—i\{ab-\-cd)/2—i\bcjj'Cjj-a-^b-^d 

_ ^ — iX{ab-\-cd)/2-\-iX(ad—bc) jjc-^djja-^b 

^ e-^^Vn{y)Vn{U). 


We also note that the inverse of T^ is given by 

r“^(U) = ^i\bdl2ydy-b ^ 
r-l(U) = Qi^acl2y-cya _ 

Finally, the T^-invariance is an immediate conseqnence of (IIL5). □ 


(III.7) 


III.D. At this point it is not qnite clear that T^ is indeed a qnantization of the classical 
map 7 , i.e. that its classical limit h ^ 0 indeed yields 7 . The goal of this snbsection is to 
show that it is so. We let 11 ■ | In denote the operator norm on the Hilbert space 7-f^(C, dpin)- 

Theorem III. 2. Let f he a continuous 7?-invariant function on C. Then: 

\\FTnif)F-^-Tnifo^)\\n^O, as h^O. (HI. 8 ) 


Proof. Let e > 0. We are going to show that for all snfficiently small h, 

\\FTnif)F-^-Tf,ifoj)\\f,<e. (HL9) 

We proceed in steps. 

Step 1. By the Stone-Weierstrafi theorem, there is a trigonometric polynomial P snch that 

||/-H||oo<e/3, 
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where ||/||cx) = sup^ |/(^)| is the usual sup-norm. Since the operator norm of a Toeplitz 
operator does not exceed the sup-norm of its symbol (see e.g. [Bl]), ||T;i(/)||;i < ||/||oo, 
this yields the following inequality: 

\\Tnif)-TniP)\\H<e/3. (III.IO) 


Step 2. A trigonometric polynomial P{z) is a linear combination of terms of the form 
exp{wz —^w). In terms of the creation and annihilation operators, for the corresponding 
Toeplitz operator we have: 

Conjugating the above equation by F yields: 

= Fe~^^F-^Fe^^^ p-^ 

_ ^—'w{aA-\-l3A'^)^{a.A''-\-l3A) 

_ —h{af3w^+af3w'^)/2 —awA —f3wA^ /3wA awA^ 

~~ O O C- C' C' • 


where we have used the Hausdorff-Baker-Campbell formula as in the derivation of (11.9). 
Commuting the third and the fourth terms gives further: 


FTn{e^"~^^)F-^ = e 
e 

= e 

= e 


h(af3w‘^-^apZU^ —2\l3\'^\w\^)/2 ^-waA-^-w/SA^wciA^ —wf3A^ 
h{af3w'^-^al3w'^ —2\|3\'^\w\'^')/2rJ-^^^^ — wctz-^wf}z-^-waz—wf3z 
h{a/3'w'^+a/3w'^ —2\f3\'^\w\'^)/2rj^^^^{az+/Jz)—'w{ctz+/3z) ^ 
ft (a/3 It! ^a/3It) ^ — 21/31 ^ I ui I ^) / 2 ^ g w 7 ( 2 :) — 7 ( 2 :) It) ^ 


We can thus make the following estimate: 


Clearly, the right hand side of the above inequality goes to zero, as h —0. Since P is a 
linear combination of hnitely many terms of the above form, we can hud 6 (depending on 
P) such that for h < d we have: 


\\FTniP)F-^ - TniP o 7 ) I In < e/3. (III.ll) 
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Step 3. We can now conclnde the argnment: 

\\FTn{f)F-^-Tn{fo^)\\n 

< \\FTn{f)F-^ - FTn{P)F-^\\n+\\FTn{P)F-^ -Tn{P o^)\\n 

+ \\Tn{Po^)-Tn{fo^)\\n 

< \\Tn{f) - Tn{P)\\n + e/?,+ \\P - f 

P 2||/ — P||oo + e/3 

< e, 

where we have nsed (III.IO) and (III.ll). □ 


III.E. So far the valne of Planck’s constant has not been restricted in any way other than it 
shonld be a positive nnmber. In particnlar, the von Nenmann algebra is a well dehned 
object for all snch h. On the other hand, its strnctnre depends crncially on whether \/2ti 
is a rational nnmber or not. It is well known that physics reqnires A/27r to be rational. 
The standard informal argnment, going back to Planck, is that the volnme of the phase 
space shonld be an integer mnltiple of the elementary cell volnme 2Tih. Hence 


h = 


27riV’ 


iV e N, 


(HI.12) 


or 

A=^, (IIL13) 

Incidentally, this is precisely the integrality condition of geometric qnantization which 
reqnires the symplectic form on the torns divided by 27rfi to dehne a deRham cohomology 
class with integer coefficients. Thronghont the rest of this paper, we will be assnming that 
the condition above is satished. Trivial changes in onr argnments show that the conclnsions 
below hold for arbitrary positive rational A/27r. 


III.F. The von Nenmann algebra has a simple strnctnre which is described in the 
theorem below. This theorem is well known, and the references to the original literatnre 
can be fonnd in [R2]. Since the proof is not easy to extract from the original references 
(and for the sake of completeness), we inclnde an elementary proof. We denote hy 
the (von Nenmann) algebra of complex N x N matrices, while by L“(T^) we denote the 
space of all essentially bonnded fnnctions on the torns regarded as a von Nenmann algebra 
on the Hilbert space L^(T^). 
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Theorem III.3. We have the following isomorphism of von Neumann algebras 

l: L°°{T^)0Mn- (111.14) 

Under this isomorphism, the trace rn factorizes into a tensor product of traces, 

Tn o — T ® i^/N) tr, (111.15) 

where r is given by (IILf)- 

Proof. It is clear from the relations (111.3) that and are in the center of Let 
ns denote by 3 the von Nenmann algebra generated by 

A = U^, and Y = V^. (111.16) 

Obvionsly, 3 is isomorphic with L°°(T^), with the isomorphism given by A —and 
Y —Consider now the following (discontinnons) fnnctions in L“(T^): fi{0) = 
g 27 r 26 >i/Ar / 2 ( 0 ) = Q 2 me 2 /N^ Pg ^]^g corresponding elements of 3 - 

Then the two elements u = Zf^U and v = Z^^V obey the following set of relations: 

uu = u u = 1, 

* * r 

VV — V V = 1 , 

uv — e vu, 
u^ = v^ = I. 


This algebra has the following realization. In the Hilbert space choose an orthonormal 
basis ei,..., Cat, and set uej — vcj — Cj+i, where cat+i = ei (by a slight abnse 

of notation, we denote the matrix representatives of u and v by the same symbols). A short 
compntation shows that the only matrices commnting with u and v are scalar mnltiples 
of the identity, and thns the von Nenmann algebra generated by u and v can be identihed 
with the fnh matrix algebra 

We have U = Ziu, V = Z 2 V, and the reqnired isomorphism is given by 

i{U) ^ h®u, i{V) ^ f 2 ®v. (111.18) 

To prove (111.15), we note that 

(r ® (1/A) tr) {f(f^ ® uW'^) ^ [ [ dO^dd^ (1/A) ixfuPv^). (111.19) 

Using the explicit realization of the operators u and v we see that tr('U'^n^) = 0, nnless 
k = pN, p e Z. However, d92 = 0, for p ^ 0, and so (111.19) is zero for k ^ 0. 

Let k = 0, and j = Np + q, 0 < q < N — 1. If g > 0, then tr('U'^) =0. If g = 0, bnt p 7 ^ 0, 
then e^'^^P^^ddi = 0. Conseqnently, 

(r 0 (1/A) tr) if(f^ ® uW^) = SjoSko = Tn(AW"), (111.20) 

and the claim follows. □ 

Let ns parenthetically remark that the corresponding resnlt for the C*-algebra of 
fnnctions on a qnantized torns involves a bnndle of fnh matrix algebras over the torns 
rather than a tensor prodnct [R 2 ]. 
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III.G. It is now easy to see that, under the isomorphism above, the automorphism Tfi 
becomes a tensor product of automorphisms of the factors in (111.18). 


Lemma III.4. For f G 

® /) = fi'yO + A^) ® I, (III.21) 


where 

= {Nab/2, Ncd/2) 

is a constant. 

Proof. Expanding / in a Fourier series and using (III. 16), we can write 

i-\f®I)= fm,nX^Y-= 


and thus 


Vnr^{f®I)= f^^^{e-^^‘^YNuayb^Nm^^-^icd/N-^cyd^ 

771,71^1, 

_ ^ ^ ^ ^^TviNabjj-Na-^Nb'^m^^TTiNcdjj'Nc-^Nd'^i 

771,71^7, 

771,71^7 


Nti 


and the claim follows. □ 


Theorem III.5. ITe have 

where is an automorphism o/L°°(T^) given by 

^^^g27ri6i^ _ ^2TTi{adi+b92+Nab/2) 

^^^2nid2'j — ^2'n:i{c9i+d92+Ncd/2) 

and where is an automorphism of Mn given by 

^f^{u) = e-^HN+l)ab/2^a^b^ 
$;,(^;) = e-^YN+l)cd/2^c^d_ 


(III.22) 


(III.23) 


(III.24) 


Notice that in the case when ab and cd are even (this case is referred to as “quantizable” 
in [HB]) coincides with the classical map (1.8). It is thus natural to regard 'itn as the 
classical component of the dynamics, and its purely quantum component. 
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Proof. The algebra L°°(T^) ® is generated by elements of the form f ®u and f ®v. 
In view of Lemma IIL4, it is snfhcient to compnte ®u) and ®v). Using 

the notation introdnced in the proof of Theorem IIL3, we have 


Vnr\l®u) = Vn{Z^^)Tn{U) 


— e 


—i\ah I l—iXN ah 11 ^ 


— a 
1 





The calculation for I ®v is analogous. □ 


IV. Quantized baker’s maps 

IV.A. In this section we introduce a group of automorphisms of which we call the 
quantized baker’s dynamics. Our construction requires that N in (III. 13) be an odd num¬ 
ber, and we make this assumption throughout the section. This is unlike the quantization 
procedure proposed in [BV], [CTH], [SV], [S], and [BDG], which requires N to be even. 
We do not know yet whether our quantization is equivalent to it. Because of its discon¬ 
tinuous character, the quantized baker’s dynamics can be dehned in the framework of von 
Neumann algebras only. This should be contrasted with the cat dynamics, where we chose 
to work with von Neumann algebras rather than C*-algebras for the reason of convenience 
only. 

First, we review some facts from operator calculus. If A is a unitary operator, then by 
Es{cr) we will denote its spectral measure. In other words, S = e^^'^'^dEs(cr). For any 

real number a, we dehne A" = e‘^'^'^°‘'^dEs (a) (in particular, e'^^'^dEs(o')). It 

follows by functional calculus that 5”“ is unitary, and so 5”“ = e^'^^^dEs°‘{(j). It is easy 

to express the spectral measure Es^ in terms of Es- In particular. 


Es^icr) 


E forneN, 

0<j<rL—l 


(IV.l) 


and 


Esi/2{a) 


Es{2a), if 0< a <1/2; 
/, if 1/2 < a < 1, 


(IV.2) 


Es-iia) = Esil - a). 


(IV.3) 


Obviously, ( 5 '^A )2 ^ ^ However, ^ s. The latter fact will play a role in the 

following, and we state it as a lemma. 
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Lemma IV. 1. Let S be unitary. Then 

(^ 2 ^ 1/2 _ g [2 Es{1/2)-I). 


Proof. We use (IV. 1) to compute: 



= SEsil/2)-S {l-Esil/2)). □ 


IV.B. We now come back to the algebra (IIL3). For a unitary S G 21^ we define 

v/^= (^-^)l/2^(iV+l)/2^ 

P(A)=U5iv(l/2). 


Clearly, y/S is a particular square root of S', 


(yS)2 = 


Furthermore, 


(TS)^ 


(^Ar)i/2_ 


Note also that since N is odd and is central, the following commutation 
between U and y/V holds: 

UW = -e^^/^Wu. 


Consider now the following transformation on the generators of Qln- 

Bn{U) = 

Bn{V) = y/V{2P{U)-l). 

We extend Bn to t^n by requiring that Bn{ab) = Bn{a)Bn(h) and Bn{a*) = Bn{a) 


(IV.4) 


(IV.5) 

(IV.6) 

(IV.7) 

relation 

(IV.8) 

(IV.9) 
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Theorem IV.2. The transformation Bn defines a rn-preserving *-automorphism of the 
von Neumann algebra "i^n- 

Proof. We need to verify that Bn{U) and BniV) obey the same relations as U and V, 
and that Bn has an inverse. The former property is an immediate conseqnence of (IV.8), 
while the latter one can be established as follows. Let T be a *-antiantomorphism of %n 
defined by T{U) = V and T(V) = U (clearly, T preserves (III.3), as T{UV) = T{V)T{U)). 
Consider now the *-antomorphism TBnT. Using the fact that 

Bn{Vf = {Vv{2PiU) - /))" = U, (IV.IO) 

we immediately hnd that 

{TBnT)Bn{U) = TBnT{U^) = TBn{V^) = TBn{Vf = T{V) = U, 
Bn{TBnT){V) = BnTBn{U) = BnT{U^) = Bn{V^) = V. 

It is slightly more difficult to verify the remaining two relations. We have: 

(TB^T)Br,(y) = TB^T{VV(2P(U) - /))) = TBr.(-JU{2P(V) - I))) 

= r((v^(2P(Ba(V'))-/))). 

Now, according to Lemma IV. 1 and (IV.3), 

yfp = ^ J, (2Ey_» (1/2) - I) ^ 

= U {2Eun{1/2) -I) =U {2P{U) -I). 

Furthermore, using (IV.2) and (IV.7), 

P{Bn{V)) = Eb^(v)n{1/2) = E'(yjv)i/2(2P([/)-7)(l/2) 

= E(^1V)1/2 (1/2)P(U) + (/ - E(^1V)1/2 (1/2)) (/ - P{U)) 

= P(U), 

and so 

{TBnT)Bn{V) = T{U {2P{U) - if) - T{U) = V. 

In the same fashion we verify the last relation: 

Bn{TBnT){U) = BnTBn{V) = BnT{Vv{2P{U) - /))) = Bn{Vu{2P{V) - /))) 

= VlP{2P{Bn{V))-l) =U, 

and so TBnT = Bft^. 

The T/i-invariance of Bn can be easily verihed by means of (111.15) and the next 
theorem. □ 

The automorphism Bn of %n is called the quantized baker’s map. 
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IV.C. The fundamental property of Bn is that it factorizes under the isomorphism (111.14). 


Theorem IV.3. We have 

where T is an automorphism o/L°°(T^) given by 

^(g27riei) ^ g47ri0i^ 

vEr(e2-^Q^e"*^^(2x[o,i/2)(^i)-l), 

and where ^n is an automorphism of given by 

^n{u) = 

= ^;(^+T/2_ 


(IV.12) 


(IV.13) 


(IV.14) 


Observe that T coincides with (1.13). As in the case of the cat dynamics, one can think 
about T as the purely classical component of the dynamics, and about ^n as its purely 
quantum component. 

Proof. Proceeding as in the proof of Lemma III.4, we readily hnd that 

LBnL-\f^I) = Bf^I. (IV.15) 


Furthermore, 


iBni~^{e^'""^^l^ ® u)= iBniU) = i{U^) = O . 


Similarly, 


® k ) = iBn(V) = - I)) 

= e"''^/~(2x|o,i/2)(»i) - 1) 


and the proof is complete. □ 


19 



S. KLIMEK and A. LESNIEWSKI 


V. Connes-St0rmer entropy 

V.A. To motivate the construction of the CS entropy we hrst reformulate the dehnition 
of the classical KS entropy in purely algebraic (rather than measure theoretic) terms (see 
also [B3]). We assume that M is a compact phase space with a Borel probability measure 
du dehned on it, and r dehne the faithful normal trace on L°°{M) given by (IIL4). Given 
a partition A of M (dehned as in the Introduction), we consider the hnite dimensional 
subalgebra Tt C L°°{M) which is generated by the characteristic functions Xa^- The 
operator of multiplication by XAj is a projection operator and we denote it by pj. Note 
that each projection pj is minimal (i.e. is not a sum of two non-trivial projections in Tt), 
and Ylj Pj = I- We dehne the entropy of the subalgebra Tt to be 

(V.l) 

j 

For two such subalgebras, Tli and Tt 2 , we let Tti V Tt 2 denote the (hnite dimensional) 
subalgebra generated by Tti and Tl 2 . 

Now, a measure preserving automorphism (f of M dehnes a r-preserving automor¬ 
phism $ of fH, 

^fix) = fo^{x). (V.2) 

We set 

H{m, $) = lim V $(DI) V ... V $^“^(1)1)) = H{A, (p), 

k^oo k 

and dehne the entropy of the automorphism $ as the supremum of this quantity over all 
possible choices of Tt (this is, of course, equal to hKs{‘p))- 

V.B. The construction above of the entropy of a measure preserving automorphism was 
generalized to the non-commutative case by Connes and Stprmer [CS] (in the von Neumann 
algebraic setup), and later by Connes, Narnhofer and Thirring [CNT] (in the C*-algebraic 
setup). We choose the original Connes-Stprmer construction as it suits our needs best. 

Let 91 be a von Neumann algebra, and let r be a hnite faithful normal trace on Tt. 
Consider a collection Tti,...,Tl/j of hnite dimensional von Neumann subalgebras of Tt. 
The key difficulty to overcome here is the fact that Tt V ^ may not be hnite dimensional, 
even though Tt and ^ are. Connes and Stprmer dehned a function iL(Tli,..., Ttfc) which 
replaces iL(Tti V ... V Tlfc) but reduces to it in the commutative case. Specihcally, this 
function satishes the following properties: 

(A) ..., 9Ifc) < ..., ^fc), if C for all 1 < j < k; 

(B) iL(Tti, . . . , fflrm Ttrn-l-1, • • • , 91^) < ^^(9Il, . . . , fflm) + ^^(9Im-|-l, • • ■ , 91^); 

(C) if 9Ii,.. .,91^ C 91, then iL(9Ii,..., 91^, 9I^+i,..., 9I„) < iL(9I,9I^+i,. ..,91^); 
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(D) if {pa} is any family of minimal projections in 91 snch that = I, then i7(Tt) = 

Ea^(^ba)); 

(E) if Tti,..., 9I/j are pairwise commnting then -H(9Ii,..., Ttfc) = U ... U Ttfc)"); 

(F) if $ is an antomorphism of Tt preserving the trace r, then i7($(Tti),..., $(Ttfc)) = 

Now, if $ is a r-preserving antomorphism of 91, then properties (B) and (F) imply 
that that the limit 


lim (V.3) 

k^oo k 

exists. We dehne the CS entropy as the snpremnm of the above qnantity over all possible 
choices of the hnite dimensional algebra Tt, 

hcs{^)= snp (V.4) 

or, dim 0r<oo 

To be able to compnte hcsi^) we need a non-commntative version of the Kolmogorov-Sinai 
theorem. Snch a theorem was proved in [CS] and is formnlated as follows. 

Theorem V.l. Let {Tlfc} be an increasing sequence of finite dimensional von Neumann 
subalgebras of 93 such that the weak closure (IJ^ 93a:) of IJj^. 93fc is 93. Then 

/ics($) = lim if(93fc,$). (V.5) 

k —^oo 


Recall that von Nenmann algebras having the property assnmed in the theorem above 
are called hyperhnite. This theorem was nsed in [CS] to compnte the entropy of the non- 
commntative Bernonlli shift. 

As expected, the CS entropy rednces to the KS entropy in the commntative case. 

Theorem V.2. Let M be a compact space with a Borel probability measure du and let 
ip be a measure preserving automorphism of M. Consider the von Neumann algebra 93 = 
L°°{M) with the trace r given by {IIIA), and the automorphism $ o/93 defined by (V.2). 
Then hcs{^) = hRsip)- 
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V.C. The actual definition of , 91^) will play a role below and so we summarize 

it briefly. 

We consider a von Neumann subalgebra 91 C Tl, and define the following inner product 
on 91: {x,y) — r{x*y). The completion of 91 in the norm induced by this inner product is 
a Hilbert space which we denote by L^(91). Let Pjh • T^(91) —L^(91) be the orthogonal 
projection on L^(91) and let E<yi denote the restriction of P<ji to the dense subspace 91 C 
L^(91). This is a non-commutative version of the conditional expectation operator. 

Let now Sk be the set of all sequences of elements of 91, a: = where i G such 

that: 

(a) Xi > 0; 

(b) all but finitely many Xi are zero; 

(c) Ei^i = I- 

For X E Sk and 1 < / < /c we set 



Xj, 


if /c = 1; 


E 


ii•••*(-in+i•••**; •••*(-iiv+1 •••**; ’ 


if k > 2. 


(V.6) 


We define 

H'(91i,...,91fc) = sup { ^ ?7(r(a:i)) - ^r(?7(E9aj4))}- (^•'^) 

It now takes quite a lot of skill to establish the results stated above, and we refer the 
interested reader to [CS] for details. 


V.D. We now formulate and prove a technical result which will be a basis for the arguments 
of next section. 


Lemma V.3. Let 91i = where M is a compact space with a Borel probability 

measure du and the natural faithful normal trace ti(-) = fj^{-)du, let 9 I 2 be a finite di¬ 
mensional von Neumann algebra with a faithful normal trace T 2 , and let T and $ be trace 
preserving automorphisms 0 /91i and 9 I 2 , respectively. Consider the hyperfinite von Neu¬ 
mann algebra 91 = 91i ® 9 I 2 with the faithful normal trace r — ti®T 2 , and the r-preserving 
automorphism T = T ® $ o/91. Then hcsi^) = hcsi'^)- 

Proof. The proof of this lemma proceeds in steps. 

Step 1. For any collection of finite dimensional subalgebras 91i,..., 91^ C 91i, 

Hi^i ® 9 I 2 ,..., 91fc ® 9 I 2 ) = H-((91i U ... U 91fc)" ® 9 I 2 ). (V.8) 

To prove this, note first that by property {C) of Section V, 

H-(91i ® 9 I 2 ,..., 91fc ® 9 I 2 ) < H-((91i U ... U 91fc)" ® 9 I 2 ), (V.9) 
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as Ttj ® IH 2 C (Til U ... U Ttfc)" O Tt 2 - To prove that 

® 9 I 2 ,..., ® 9 I 2 ) > H{{mi u... u ® 9 I 2 ), (v.io) 

we proceed as follows. Let , P^., 1 < j < rij, where rij = dim!Hj, denote the minimal 

projections in and let Ei,..., be minimal projections in TI 2 snch that 
We set 

^ioii-.-ik ~ ^io ® ■ • • • ■ Pik ~ {Pio ® Pii) ' ■ ■ ■ ' {Pio ® Pik)-> (^-H) 

and observe that } G Sk+i and it forms a system of minimal projections in 

(9Ii U ... U Ttfc)" O 9l2- Since r]{xiQi.^,,,ik) = 0? property (D) of Section V implies that 

H-((DfIiU...Ufnfc)" 0 9=12) = 

ioil-.-ik 

< if(9fli 0 9l2,--■,9Ifc 09 = 12 ). 

Step 2. If 9=1 is a hnite dimensional snbalgebra of 9=li, then 

if(9=I0 9=l2) = H-(9=I)+if(9l2). (V.12) 

To prove this, note that for a projection P G 9=Ii and a projection P G 9=^2, 

r(r7(P0P)) =ri(r7(P))T2(P)+Ti(P)r2(r7(P)). (V.13) 

Denoting by Pi,..., Pm and Ei,..., E^ systems of minimal projections in 9=1 and 9 I 2 , 
respectively, and nsing property (D), we obtain 

= J2piPiPj))MPk)+Ti{Pj)r2{r]{Ek)) 

j,k 

= '^niviPj)) + '^r2ir]iEk)) 

j k 

= P(9=I)+P(9=l2). 

Step 3. Choose now an increasing seqnence {fPnjneN of hnite dimensional snbalgebras of 
9=Ii, snch that (Un^^i) = 9Ii. Then O 9l2}nEN forms an increasing seqnence of 

hnite dimensional snbalgebras of 9=li 0 9 I 2 , and ( Un ® ^ 2 ) = 9Ii 0 9=l2. Therefore, 

by Theorem V.l, 

hcs{^®^)= lim ® 9 I 2 , ^ C) $)■ (V.14) 

n —>-oo 

By Steps 1 and 2, 

® 9=12, ^'(^3^) ® $( 912 ), . . . , ® $"=“'(912)) 

= ® 9 I 2 , T(^„) ® 9 I 2 , . . . , ® 9 I 2 ) 

= P((q3n U T(^„) U ... U ® 9 I 2 ) 

= H{{^n u T(^„) U ... U T'=-1(^„))") + H{^ 2 ) 

= H{^^, 4/(^3^),..., vl/"-i(^^)) + H{^2). 
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But H(^ 2 ) is a constant independent of /c, and so 


(V.16) 


which proves the lemma. □ 


VI. Entropy of the quantized dynamics 

VI. A. We are now ready to compute the CS entropy of the quantized cat and baker’s 
dynamics. 

Theorem VI.1. The CS entropy of the quantized cat dynamics on the torus is equal to 
the classical value, 

hcsir^) = iog\^i\. (VI.1) 

Furthermore, if |tr( 7 )| < 2, then hcsi^n) = 0. 

It is an interesting question, even if without physical signihcance, whether Theorem 
VI. 1 holds without the assumption that A/27r is rational. In that case, 2in. is not isomorphic 
to a hnite dimensional algebra tensored by an abelian algebra, and so Lemma V.3 cannot 
be applied. In the case of topological entropy, Voiculescu [VI] has recently shown that the 
entropy of the quantized dynamics does not exceed the classical value. 

An analogous result holds for the quantized baker’s map. 

Theorem VI.2. The CS entropy of the quantized baker’s map is equal to the KS entropy 
of the classical baker’s map, 

he s{Bn) =\og2. (VI.2) 


It is easy to prove the above theorems. Indeed, according to Theorem III.3 and 
Theorem III.5, and T/j have precisely the structure required by Lemma V.3. Hence, 
hcs{^h) = hcs{^h)- It is easy to see that the map 6 * —> 76 * + is conjugate to the cat 
map 9 'j9. According to the well known theorem [CFS], conjugate maps have equal KS 

entropies, and so Theorem V.2 implies that hcs{^) = hKsi'j)- Theorem VI.l follows from 

( 1 . 11 ). 

The proof of Theorem VI.2 is analogous, with Theorem IV.3 replacing Theorem III.5, 
and the hnal conclusion following from (L14). □ 
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VI.B. We conclude this section with a brief discussion of a dynamical system on a torus 
which is ergodic but is not chaotic. Consider the Kronecker map on the torus dehned by 

K : {xi,X2) ^ {xi + U)1,X2 + 0J2)- (VI.3) 

This map is known to be ergodic if and only if the frequencies ui and u )2 are linearly 
independent over Z. The Kronecker map is, however, not chaotic, as its KS entropy is 
easily found to be zero [CFS]. 

In terms of the complex variable z, the Kronecker map reads 

K : z ^ z + u, 

with u = {ui + iu) 2 )l\/^: and so to quantize it we need to End a unitary operator imple¬ 
menting the following Bogolubov transformation: 

A+ ^ A+ + w/ . 


As in the case of the cat map the unitary operator is uniquely (up to a phase) determined 
by the above condition. In fact, an easy consequence of (II.2) is that 

= A+ +w/. 


and so U{—u) is the required unitary operator. 

Let now Kn be the automorphism of the quantum torus given by by Kn.{-) = 
Evaluated on the generators of Kn is: 


KniU)^ 
Kn{V) = 


(VI.4) 


Assume now that h = l/27rV, in which case Theorem III.3 is applicable. It is easy to 
see that K^. can be factorized, with the first factor given by the following automorphism 
of L~(T2): 

f{e) ^ /(^i + Nui,e2 + nu2). (vi.5) 

Hence, the CS entropy of is equal to the KS entropy of (VI.5) and is thus zero. 

Acknowledgment. We would like to thank Neepa Maitra and Ron Rubin for very help¬ 
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